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Carbon nanotubes tend to collapse when their diameters exceed a certain threshold, or when a sufﬁciently large external pressure is applied on their walls. The radial stability of tubes has been studied in
each of these cases, however a general theory able to predict collapse is still lacking. Here, we propose a
simple model predicting stability limits as a function of the tube diameter, the number of walls and the
pressure. The model is supported by atomistic simulations, experiments, and is used to plot collapse
phase diagrams. We have identiﬁed the most stable carbon nanotube, which can support a maximum
pressure of 18 GPa before collapsing. The latter was identiﬁed as a multiwall tube with an internal tube
diameter of 12 nm and 30 walls. This maximum pressure is lowered depending on the internal tube
diameter and the number of walls. We then identify a tube diameter domain in which the radial mechanical stability can be treated as equivalent to macroscopic tubes, known to be described by the cavy-Carrier law. This multiscale behavior is shown to be in good agreement with experiments
nonical Le
on the collapse of O-rings, proposed as a simple macroscopic parallel to nanotubes in this domain.
© 2021 Elsevier Ltd. All rights reserved.
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1. Introduction
Low-dimensional carbon structures such as fullerenes, graphene, carbon nanotubes (CNT), nanocones, nano-junctions [1e6]
have profoundly changed fundamental concepts of condensed
matter physics in recent decades [7]. The many associated technological breakthroughs have opened perspectives in a broad range
of applications, ranging from electronics [8,9], sensor developments [10], energy transport and storage [11e13] or biology
and medical sciences such as drug delivery technology [14]. While
both graphene and CNT sp2 structures have been the focus of a large
part of the research effort, there exist many hybrid structures between these two, which have been much less explored [15]. In the
literature, they are referred as “collapsed nanotubes”, “ﬂattened
carbon nanotubes”, “closed-edge graphene nanoribbons” or
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“dogbones”. Such structures correspond to a geometrical evolution
of the CNT radial cross-section, from circular through a continuum
of shapes, in which the internal walls become closer together, in at
least one radial direction. The terms mentioned above are most
frequently used when the distance between the internal walls in
the collapse direction tends to the graphitic interlayer distance,
where van der Waals interactions (vdW) have to be considered. For
clarity, we will refer to this state as the “collapsed” shape, and the
deviations from the circular cross-section leading to it as “collapse
transition” shapes. The latter can be either ﬁrst-order-like for large
tube diameters, or continuous for smaller ones [16], going through
different geometries including oval, race-track or polygonal [17], all
grouped in the “collapse transition” domain. Characterizing the
CNT collapse behavior is strongly motivated by the change in
electronic structure from the pristine circular cross-section to the
deformed or collapsed geometry [18e24]. Hence, a geometrical
electronic tuning based on a shape modiﬁcation may offer an
interesting alternative to substitutional doping in nanoengineering design [25e27].
Soon after the ﬁrst dedicated study of CNT by Iijima et al. [28],
collapsed geometries were observed by electron microscopy of

Y. Magnin, F. Rondepierre, W. Cui et al.

Carbon 178 (2021) 552e562

simulations, density-functional tight-binding (DFTB), molecular
dynamics (MD), as well as with a macroscale analog based on the
deformation of O-rings. Our model is then used to plot collapse
phase diagrams for CNT, providing a better understanding of the
radial stability and collapse mechanisms of single- and multi-wall
nanotubes (SWCNT and MWCNT), including nanotube bundles, as
a function of their diameter from the nanometer to dozens of
nanometers. We propose, ﬁnally, that such an approach could be
adapted for more complex porous materials.

large diameter CNT [29]. It is generally admitted now that collapse
is favored for large tube diameters and small numbers of concentric
tubes [30e34]. Other collapse parameters at ambient conditions
were also identiﬁed, including interactions between the external
walls of a CNT, interactions with a substrate or with molecular
adsorbates [35e37], defect formation by electron beam irradiation
[38], or due to the application of electrostatic ﬁelds [39,40]. The
different mechanisms that can be responsible for collapse are
illustrated in Fig. 1. For small tube diameters with a stable circular
cross-section at ambient conditions, it has been shown that a high
external pressure causes collapse. This was ﬁrst shown for SWCNT,
where the collapse pressure has been demonstrated to be a function of CNT diameter [16,41e54]. Pressure-induced collapse is also
observed for double-wall [55e58], triple-wall [59] and multi-wall
CNT [60]. Any effect of helicity (or chirality) - a geometrical characteristic reported to originate from the conﬁgurational tube edge
entropy [61] - on the pressure response of CNT was reported to be
small, or to occur only in tubes of very small diameters [62]. In this
work, we explore the stability conditions of CNT from their circular
cross-section to collapsed shapes, focusing on the stability domain
as a function of geometrical parameters (diameter and number of
tube walls), as well as the effect of external pressure. The instability
of the circular cross-section is found to be driven by the competition of the elastic energy, related to the bond-bending energy, and
the external and internal forces. External forces include the pressure applied to CNT external surfaces, and interactions with the
surrounding molecular medium, while internal forces include the
vdW interactions of the tube walls. While a number of atomistic
calculations and models have tried to predict the CNT stability
conditions [16,32,43,47,53e56,60,63,63], none of them fully
covered structural tube properties, including tube diameters,
number of walls, etc. In addition, we propose a multiscale approach,
showing that the onset of collapse of a range of nanotubes with
diameters around a nanometer are well described by the canonical
vy-Carrier law (LC), formulated 150 years ago [64], and originally
Le
developed for the collapse of macroscopic tubes. Our modiﬁed LCvy-Carrier model
based model referred here as the van der Waals-Le
(vdW-LC) behaves in this domain consistently with atomistic

2. Results and discussion
2.1. Theoretical SWCNT collapse model
In mechanics, the radial collapse pressure Pc for macroscopic
tubes with a diameter d0, is known to scale as Pc fd3
0 , as expressed
vy-Carrier [64]. At the nanoscale, it has been shown that such
by Le
a formalism is consistent for SWCNT, when a correction term, 1 

b2 =d20 , is included. This term emerges both in simulations, as well
in experiments, and may be related to the large built-in curvature
energy for small tube diameters, or to the discrete atomistic nature
of tube walls [65]. This approach is called the modiﬁed LC equation
[66], and is written,
!
24D
b2
Pc ¼ 3 1  2 ;
d0
d0

(1)

where D is the bending stiffness of graphene, and b corresponds to
the diameter of the smallest free-standing stable SWCNT [66] (all
parameter values are given in Table 1). When d0 [b, the LC law is
recovered; however, when d0 < b, Pc < 0, corresponding to unfeasibly small free-standing tube diameters. Eq. (1), originally based
on experimental observations and simulations [54], has been
shown to be well-suited for SWCNT with diameters in the range
d0  0.7e2 nm, and no effects of the tube chirality were seen [66].
With increasingly larger tube diameters, the correction term becomes less important, and the interaction of the external tube with
the pressure transmitting medium (PTM) becomes more important.
In order to account for the surrounding PTM (an argon bath in MD
simulations), we write the energy per unit of tube length at the
collapse pressure as the addition of the elastic energy, the pressure
term and the surface energy gFC [32]:

12pD
b2
E ¼
1 2
d0
3d0

!

p

þ Pc d20 þ gFC p d0 ;
4

(2)

where the ﬁrst two terms guarantee that Eq. (1) is obtained by
minimizing Eq. (2) as a function of d0 . With the inclusion of the last
term this minimization now leads to:
2

24D
b
Pc ¼
1 2
d0
d30

!
 2

gFC
d0

:

(3)

We will refer below to this expression for the collapse pressure
vy-Carrier model, vdWas the already mentioned van der Waals-Le
Table 1
vy-Carrier models.
Parameters used in the various Le
Fig. 1. Scheme of the different physical mechanisms allowing the evolution of a carbon
nanotube to a symmetrical collapsed structure (s): s1 External applied pressure; s2 Self
collapse for large tube diameters; s3 Defective tubes; s4 Through charge injection; s5
Through a pressure transmitting medium. Mechanisms leading to an asymmetrical
collapsed structure (a): a1 Through interaction with a substrate; a2 Through interaction with other nanotubes. (A colour version of this ﬁgure can be viewed online.)
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LC. The applicability of this expression may be affected by the
presence of defects which tend to reduce the collapse pressure [67],
(not treated in this study).

Pc ¼

N1
X
i¼0

24D
d3i

1

b2
d2i

!


 2

gCC
d0



gCC
dN1

þ

gFC



dN1
(5)

It is noteworthy that vdW interactions forbid some chirality
couples of neighboring tubes i and i±1, if the latters have close
enough chiral angles, as explained elsewhere [69]. For existing
MWCNT, inter-tube distances are reported to range in between
0.27 nm and 0.42 nm, however, the most common distances in
MWCNT are about 0.32e0.35 nm [70]. For the sake of simplicity, we
have considered that all tubes in a MWCNT range at the graphitic
interlayer distance D (see Table .1), and that di ¼ d0 þ 2D,i in Eq.
(5). We may note here that even if a general MWCNT can no longer
be considered as a thin tube, our method of evaluation of the
collapse pressure as the sum of the contributions of the various
thin-walled SWCNT in interaction with their environment permits
the use of the LC expression, which is only valid for thin-walled
tubes.

2.2. Theoretical SWCNT bundle collapse model
For a bundle formed of SWCNT, Eq. (3) can be modiﬁed
following Pugno et al. [68], considering that each individual tube in
a bundle interacts with its neighboring tubes, acting as a SWCNT
pseudo-ﬂuid, while the outer surface of the bundle interacts with
the PTM. Then, Pc can be obtained by minimizing the corresponding
enthalpy expression,

24D
b2
Pc ¼
1

d20
d30

!



g
g
 2 CC þ FC
d0
dB

(4)

where dB represents the bundle diameter. In Eq. (4), gCC is the
carbon-carbon interaction energy, corresponding to the inter-tube
vdW interactions, while the last term represents the interaction
between the PTM and the external surface of the bundle. It is worth
to note that following both Pugno et al. [32], and atomistic
modeling [59], the tubes in the bundle will undergo polygonization
before collapse. In Eq. (4), we made the approximation of circular
bundles. The validity of this approximation may affect the pressure
collapse determination for bundles made of large tube diameters,
more prone to polygonize than ones made of small tubes. However,
such an approximation should only affect small bundles, considering that the last term in Eq. (4) can be neglected if dB [d0 . We
also may note that total or partial intrusion of the PTM into the
interstitial tube space will affect the collapse pressure of bundles.
Such an intrusion will indeed prevents polygonalisation and bring
the collapse pressure back towards that of individualized (unbundled) tubes. Such a behavior is outside the scope of this work, and
has not been studied here.

2.4. Numerical simulations, experiments and model validation
In order to check the accuracy of our model, we compare it with
both numerical and experimental data. Simulations have been
performed with two algorithms, DFTB for small tube diameters
[74], and MD based on the empirical AIREBO bond order potential
[75], accounting both for CeC covalent bonds and for long-range
vdW interactions [76]. All MD simulations have been performed
for tubes or bundles immersed in an Ar bath at 300 K. AreAr and
CeAr interactions were modelled by a (12-6) Lennard-Jones potential, using the Lorentz-Berthelot mixing rule (see section
Method for simulation details). In Fig. 2. a, we show the evolution of
Pc as a function of the tube diameter from DFTB, MD, and from the
theoretical models detailed above. As can be seen, for small d0 , the
modiﬁed LC approach (bold blue line), is in good agreement with
the DFTB simulations (light green stars). When d0 < 0.57 nm, Pc
decreases, corresponding to the situation where tube diameters are
so small that the curvature energy is large enough to make tubes
less stable. In this region, a large deviation is observed below the
macroscopic LC law (dashed black line), that does not include the
small-diameter correction term discussed above. When d0 > 3 nm,
the vdW-LC approach (red dotted line) shows another sharp
decrease of Pc below the macroscopic LC law, corresponding to tube
diameters where interactions between the PTM and the tube walls
dominate over the negligible curvature energy. SWCNT simulations
(red circles), show a self-collapse diameter of 5.3 nm, in good
agreement with the experimental data reported; about 5.1 nm is
cited in the review of He et al. [15]. This agreement then permits the
ﬁtting of gFC (see Table 1) to the vdW-LC model for SWCNT (Eq.
(3)). As shown in Fig. 2. a, we ﬁnd excellent agreement between
simulations and the theoretical model for the full diameter range
simulated.
We then compare these results with the vdW-LC model applied
to bundles. In Fig. 2 a, the yellow squares correspond to the results
of simulations performed on bundles containing 37 SWCNT. As can
be seen, the self-collapse diameter is smaller than that of isolated
SWCNT, a behavior already observed in Ref. [77]. This behavior
could be explained by the contribution of tubes polygonization
which tends to lower Pc. Using Eq. (4) and the gFC previously ﬁtted
from isolated SWCNT, we see that the vdW-LC model applied to the
bundle conﬁguration is in good agreement with simulations using
gCC (see Table 1). Note that in the bundle used in simulations,
dB [d0 and the interaction between the PTM and the external
bundle surface could be neglected compared to the inter-tube

2.3. Theoretical MWCNT collapse model
To go a step further, we now generalize our model for MWCNT.
We follow the methodology proposed by Gadakar et al. [56] in
which friction between tubes is neglected so that the bending
stiffnesses are additive. Thus, the net external pressure needed to
collapse the N walls of a MWCNT is written as the sum of the
pressures Pci needed to collapse the i ¼ 1 to N corresponding individual SWCNT. This is a good approximation provided that the
inter-tube separations are small enough that the tubes deform
together. Then it does not matter whether the pressure is transmitted to the inner tubes or is entirely supported by the outer tube.
To a ﬁrst approximation, the elastic energy stored in the deformation of the tubes is summed over all the tubes, while the work
done by the pressure is due to the reduction in volume of the outer
tube. This leads to the additive character of the Pc . Note that this
will not be true if the inter-tube distances are large enough to allow
the outer tube - or indeed any inner tube - to ovalize signiﬁcantly
while the next smaller tube remains essentially circular [57]. In
MWCNT, the vdW inter-wall interactions are compensated,
considering that each individual inner-tube interacts both with its
next inner- and next outer-tube, i-1 and iþ1 respectively. However,
it is necessary to account for interaction of the innermost tube
(i ¼ 0) with only its next larger tube neighbor (i ¼ 1), and for the
interaction of the outermost tube (i ¼ N-1) with (i ¼ N-2), and
ﬁnally with the external PTM (the last term in Eq. (5)). Accounting
for all these interactions, the collapse pressure becomes,
554
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vy-Carrier formula: the standard LC (black dashed line), the
Fig. 2. a. Collapse pressure Pc of SWCNT as a function of the tube diameter d0 , using three models based on the Le
modiﬁed LC (blue bold straight line) and the vdW-LC models developed in this work for SWCNT (red dotted line), and bundles (yellow line). The results are compared to numerical
simulations, DFTB (green stars) and MD simulations with a long-range bond order potentials for SWCNT (red circles), and bundles (yellow squares). b. Innermost tube diameters d0
of MWCNT for which collapsed conﬁgurations have been observed experimentally, plotted against the number of tube walls N. The red circles correspond to experimental
observation of collapsed tubes, while the blue hexagon corresponds to an averaged experimental measurements of the collapse pressure for SWCNT. The black line corresponds to
the prediction from our vdW-LC model. The yellow area corresponds to the phase where tubes are not collapsed (circular cross section), while the part of the diagram above
corresponds to nanotubes collapsed at ambient pressure. (A colour version of this ﬁgure can be viewed online.)

d0 ¼ 12 nm for N ¼ 30 walls, corresponding theoretically to the
largest possible internal cavity in MWCNT. For larger N, d0 slightly
decreases and becomes asymptotically constant at d0 ¼ 11.3 nm.
This behavior results from the competition between the inter-tube
vdW and the tube-PTM interactions, corresponding to the second
term in Eq. (5).
In Fig. 3.b, we see that the smallest possible tube diameter for a
free-standing SWCNT corresponding to d0 ¼ 0.44 nm [66] can be
slightly reduced when increasing the number of tube walls. This
result is qualitatively supported in the literature, where
d0 0.407 nm has been reported for double-wall carbon nanotubes
[79], and d0 0.3 nm for a N ¼ 13 MWCNT [80]. Our calculations do
not allow for internal tube diameters below 0.43 nm. Such a
limitation could results from the tube-substrate interactions, the
discrete distribution of carbon atoms in the wall, or the small tube
diameter helicities, neglected in the model, and going beyond the
scope of this work.
The maximum pressure needed to collapse any MWCNT can
now be found by searching the maximum collapse pressure from
Eq. (5), as a function of d0 and N. The maximum Pc value depends on
N but is found invariably at d0 0.56 nm whatever the value of N.
The maximum value of Pc evolves from Pc 13.9 GPa for SWCNT
and progressively increases with N, converging to a maximum at
Pc ¼ 18.2 GPa. As shown in Fig. 3 c, we note the quick convergence
of Pc for N ranging from 1 to 4. The number of walls is thus found to
increase the stability pressure by about 30%, corresponding to the
observations on deformed or collapsed geometries for MWCNT
with a relatively high number of walls in nanocomposites under
compression [34]. We now use the model to ﬁnd how Pc evolves as
a function of d0 , for N ranging from 1 to 100, in the collapse phase
diagram, Fig. 4.a. As can be seen, for small d0 , N has no signiﬁcant
effect on Pc . So, we may approximate that all curves collapse in a
single one for internal diameters below d0 1 nm. For larger d0, N
plays a more signiﬁcant role on tubes stability. Interestingly, in
Fig. 4.b, the collapse pressures obtained with the LC model are
comparable with those from the vdW-LC model for certain tubes.
We consider a multiscale domain when the Pc d30 plotted as function
of d0 can be approximated by the LC law corresponding to a constant. We show this behavior for N ¼ 1, 2, 3, 5, 10, 20 and 100, where

interactions (Eq. (4)). In Fig. 2.b, we compare experiment with the
vdW-LC for MWCNT (Eq. (5)). The tube stability is presented as
innermost tube diameter d0 against the number of tube walls N at
ambient pressure. The continuous line separating the two domains
represents the critical internal diameter for collapse of MWCNT at
ambient pressure. The experimental points (red circles) correspond
to collapsed tubes observed by electron microscopy, and are
extracted from different sources summarized in the work of Balima
et al. [34]. As expected, these points are mainly found in the
collapsed domain. We have underlined a particular point from the
work of He et al. [15] (blue hexagon), which corresponds to the
determination of the critical collapse diameter by observations of
many SWCNT. This point should then lie on the limiting curve, and
is found to be in very good agreement with the prediction of our
model. We can also note that two points are found bellow the
theoretical prediction. These exceptions may be explained by interactions with the substrate (Fig. 1.a1), which are known to favor
the tube collapse [78]. Overall, our prediction is consistent with
experiments. The results presented in Fig. 2.b also show that with
an increasingly higher number of tube walls, MWCNT of larger
internal diameter can be stabilized at ambient conditions. Note that
the inner-wall vdW interactions may lead to the metastability of a
collapsed geometry at a diameter below the critical one
[29,32,34,77]. The critical diameter may also be strongly reduced
for defective carbon nanotubes [33].
2.5. Nanotube collapse phase diagram
We have demonstrated that the vdW-LC model is a robust,
simple and suitable approach in predicting single- and multi-wall
carbon nanotubes stability, as well as for bundles. We now use
this model to determine the nanotube collapse phase diagram. In
Fig. 3.a, we plot the stability diagram of MWCNT at ambient pressure, extending beyond the domain explored in Fig. 2.b. The stable
phase, either circular or collapsed, depends on d0 and N. There also
exists an instability domain, i.e., in which tubes cannot exist, for
very small d0 (red domain) in Fig. 3.a,b. Hence, with an increasingly
large d0 , the number of tube walls has to be increased in order to
stabilize a circular MWCNT. Nevertheless, d0 has a maximum at
555
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Fig. 3. a. Stability diagram of carbon nanotubes at ambient pressure as a function of the internal diameter d0 , and the number of tube walls, N. Three regions are deﬁned from the
bottom to the top: (1) the red phase corresponds to the tubes that cannot exist due to smaller internal diameter, (2) the yellow phase, corresponding to the stability domain of tubes
with a circular cross-section, and (3) the white phase, corresponding to the stability domain of collapsed tubes. b. Zoom on the red phase in (a) (unstable tubes), for small tube
diameters. c. Stability diagram for MWCNT with d0 ¼ 0.56 nm, corresponding to the tubes found to show the highest collapse pressure. The red dashed line corresponds to the
maximum collapse pressure found in the model. (A colour version of this ﬁgure can be viewed online.)

Fig. 4. a. Collapse pressure Pc as a function of the innermost tube diameter d0 for different numbers of tube walls N, ranging from 1 to 100 and determined from the theoretical
model accounting for vdW interactions. The gray area represents the multiscale domain, i.e. a d0 range where the original macroscopic LC model agrees with the vdW-LC model at
the nanoscale (see text and (b) for details and criteria). b. Normalized collapse pressure Pc d30 as function of the internal diameter for tubes with N ¼ 1, 2, 3, 5, 10, 20 and 100 walls
from inner to outer curves. The continuous part of the curves represent the domain in which within ±5% accuracy, a macroscopic LC model (horizontal dashed lines) can be used to
approximate the vdW-LC one. c. Domain of validity of the continuum mechanics corresponding to the LC model (yellow area). We have considered that the LC model is valid when it
differs by less than 5% from a linear approximation in the Pc d30 representation as function of d0 . (A colour version of this ﬁgure can be viewed online.)

shifted as a function of N to higher diameters, and converging for
N ¼ 20, for internal diameters ranging from 3.5 to 7.5 nm. The
chosen accuracy of ±5 % corresponds to a conservative choice of
pressure determination in high-pressure measurements [81]. This
link between the nano- and the macroscopic scales can be understood from the dominant role played by the innermost tube on

the continuous part of plots can be assimilated to horizontal lines,
assuming an uncertainty on experimental pressure determinations
of the order of ±5 %. In Fig. 4.c, we show the tube diameter as a
function of the number of walls into the multiscale domain. We
thus observe that SWCNT with diameters ranging from 0.95 to
2.5 nm behave as macroscopic tubes. This diameter domain is
556
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The change of PTM (ball-bearings instead of air or water)
compared to the previous experiment (Fig. 5.a) is necessary to
match simulations. Indeed, the pressure needed to collapse a
bundle with SWCNT diameter around 1 nm is a few GPa, a pressure
at which the argon PTM used in simulation and in experiment is
solid [91]. The ball-bearings tend to form an hexagonal closepacked planar domain, which mimic a macro-crystalline argon
PTM. In the simulation, we have built a bundle formed of 37 SWCNT
with d0 ¼ 1.3 nm, immersed in an argon bath at P 2 GPa. Collapse
experiments on O-rings are compared to these MD simulations in
Fig. 6. The collapse process in both cases is found to be in good
qualitative agreement. In the early stages, tubes show a small
deformation. Then some of the tubes collapse to a peanut shape,
while others stay circular or ovalize. Later in the semi-collapsed
state, a large number of tubes have collapsed, but a few tubes
remain ovalized. At the end of the process, all tubes show a
collapsed shape. Note that both experiments and simulations show
that in a solid PTM, the collapse of a SWCNT bundle, at least when it
can be assimilated to a macroscopic bundle, is a complex and nonhomogeneous process. It has already been shown that collapse of
even a single isolated elastic ring is not instantaneous [92] - complete at Pc - but goes progressively through ovalisation to collapse
shape over the range Pc to 1.5Pc , see also Fig. 3 in Ref. [54].
Our table-top set-up allows for multiple variations to study
speciﬁc effects. For instance, we noticed that using the scheme of
Fig. 5.c with individual O-rings, the polycrystalline organization of
the ball bearings set up a stable structure which prevented the
collapse of the tube. Instead, the PTM grain structure induced irregularities at the surface of the O-ring. Fig. 7.a, shows the possibility of reducing the PTM grain-size using a mixed medium by
disseminating other types of particles, plastic beads, into the ball
bearing PTM. Despite this trick, we were not able to totally collapse
this O-ring due to the remaining grain domains and the limitations
in the applied pressure in the set-up. Nevertheless, we could
observe an incipient 4-lobe collapse, a metastable conﬁguration
which also appeared in some of our MD simulations. We show in
Fig. 7.b a metastable four-lobe shape obtained by MD simulations.
In simulations, such a geometry was found to evolve from four
lobes to three, then to a stable collapse shape as a function of time.

pressure stability, as shown in Fig. 3.a. It is noteworthy that such a
multiscale behavior has been previously reported in the case of
SWCNT [43,82]. We may discuss aspects which could limit the
validity of the proposed model and the phase diagrams derived
from it. As already pointed out, the parameters in Eq. (3) may be
affected by the density of defects which will tend to reduce the
collapse pressure [67]. We have also made the hypothesis of a
uniform inter-wall distance in MWCNT, which is not always valid
[83]. This effect is indeed difﬁcult to take into account in the model
as developed. We need also to consider if other transformations
may take place before the collapse transition, in particular the
possibility of pressure induced sp3 interlink between tubes, or the
evolution towards the diamond structure or other mixed sp2-sp3
structures [84], as well as other carbon sp3 structures [85]. Experiments show that for SWCNT tube bundles with diameters of
1.35 nm, diamond formation takes place subsequently to the
collapse pressure [86], favored by the combination of high pressure
and high temperature conditions. This will be the most common
scenario, but we may wonder if it also prevails for the most stable
tubes, i.e., tubes with an internal diameter around 0.56 nm. For
such tubes, depending on the number of tube walls, our model
predicts a collapse pressure ranging from 13.9 to 18 GPa. Tube
interlinking or polymerization has already been proposed from
atomistic modeling [87,88], which is particularly favored by low
diameter tubes. To the best of our knowledge, no experimental
results have yet shown the formation of such mixed sp2-sp3
structures. Calculations also show that even after pressure-induced
interlinking is produced, the transformation can be totally reversible [89].
3. A macroscopic model for the collapse of carbon nanotubes
We have shown above that Eq. (1) is a suitable multiscale
equation for comparing the collapse behavior of macroscopic tubes
with certain tubes at the nanoscale. This result is thus consistent in
predicting Pc for SWCNT with diameters ranging from d0  1e2 nm
and for MWCNT with a limited number of tube walls. Note that the
diameter range reported corresponds to the most common tube
diameters produced experimentally [90].
In order to verify this theoretical result, we have developed a
table-top experiment using macroscopic nitrile rubber rings to
mimic CNT. In this experiment, nanotubes are replaced by macroscopic toroidal rings (O-rings) with the diameters d0 ¼ 11.25, 13.7,
16.25 and 28.75 mm. The O-rings are placed between two transparent plates to limit movement in the direction of the torus axis. A
pressure vessel is made by using a large outer O-ring surrounding
the smaller inner one. The vessel is connected to a bicycle pump
with a pressure gauge to generate and monitor the pressure acting
on the inner O-ring (Fig. 5.a). The deformation of this O-ring is
measured as a function of the applied pressure, and quantiﬁeded by
image analysis (details are given in the section Method). The Orings used in this experiment are not strictly speaking tubes, but
rings, and we ﬁrst verify that they follow the LC law. To do so, four
measurements per O-ring diameters have been performed, and the
averaged data are shown in Fig. 5.b. The data are ﬁtted by an inverse
power law, Pc ¼ a:Da with a ¼ 1.51 J (a constant), and a ¼ 3.0 ± 0.7,
as expected from Eq. (1). The O-rings are thus demonstrated to have
a similar radial mechanical response to macroscopic tubes, and can
reasonably be used for comparison with SWCNT with d0 ranging
from 1 to 3.45 nm. In Fig. 6, we compare the dynamical collapse
behavior of a macroscopic O-ring bundle with data from MD simulations at the nanoscale. In the experiment, a bundle of 37 O-rings
is surrounded by a bath of steel ball-bearings acting as a PTM.
Pressure is applied by tightening a sheathed guitar string surrounding the ball-bearings (Fig. 5.c).

4. Conclusion
We propose a simple theoretical model to determine the stability domain of carbon nanotubes as a function of their diameters
and their number of walls. The geometrical stability limits at
ambient pressure, as well as collapse pressures for arbitrary number of walls, are characterized from the long-range van der Waals
vy-Carrier equation,
interactions, introduced into the modiﬁed Le
formulated for tubes at the nanoscale. The model proposed in this
work is validated by numerical simulations at the nanoscale, as well
as experiments at the macroscale. We have thus found that
depending on the number of tube walls, nanotubes show a
maximum collapse pressure of 18 GPa with an inner-tube diameter of d0 ¼ 12 nm. It is noteworthy that our model ﬁts experimental data despite neglecting multi-wall nanotubes inter-layer
friction. When d0 is smaller than 0.56 nm, the collapse pressure
drops right down, due to the strong tube curvature, resulting in
unstable nanotubes. For large tube diameters, the collapse pressure
decreases, corresponding to the van der Waals interactions that
tend to favor the collapse. From the collapse phase diagrams
plotted with the model presented in this work, we have shown that
vy-Carrier equation (originally established for macroscopic
the Le
tubes) is compatible with intermediate tube diameters, one to a few
nanometers, and depending on the number of tube walls. This is an
important result underlying that the collapse process of most of the
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Fig. 5. a. Schema and picture of the experiment, in which O-rings are collapsed by a ﬂuid pressure medium (air or water). b. Averaged collapse pressure Pc of O-rings in the
experiment described in (a), as a function of their diameters d (red circles). Experimental data are found to ﬁt Pc fd3:0±0:7 (black line). c. Schema and picture of the experiment in
which O-rings are collapsed by a solid pressure medium (ball-bearings). (A colour version of this ﬁgure can be viewed online.)

Fig. 6. a. Evolution of a 37 O-ring bundle immersed in a ball-bearing pressure-transmitting medium during a compression cycle. b. Collapse behavior of a 37 SWCNT bundle
immersed in a solid argon medium. Simulation was performed at pressures ranging from 1 to 3 GPa with a pressure increased from the left to the right. (A colour version of this
ﬁgure can be viewed online.)

comparing numerical simulations with experiments at the nanoscale and at the macroscale, where nanotubes were replaced by
polymer O-rings. We think that such an analogy may be interesting

common nanotubes produced by standard experimental techniques takes place as in macroscopic tubes, linking behavior at the
nanoscale to the macroscale. This behavior was veriﬁed by
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Fig. 7. a. Four-lobe collapse of an O-ring obtained using a mixed medium of ball bearings and plastic beads (red colour). The mixed medium leads to the formation of smaller
crystalline domains in the pressurized transmitting medium. b. Numerical simulation of tube collapse with a metastable state corresponding to a four-lobe shape (the pressure
transmitting medium is not shown in this snapshot). (A colour version of this ﬁgure can be viewed online.)

in the study of the mechanical deformation of nanotubes under
pressure, as well as in the study of more complex porous systems as
Metal Organic Frameworks (MOF), zeolites, or even disordered
porous materials as kerogen.

Table 2
Lennard-Jones parameters for argon and carbon atoms.
Atoms

s (nm)

ε (meV)

AreAr
CeC
AreC

0.341
0.336
3.382

10.3
2.4
5

5. Methods
5.1. Numerical simulations

U ¼4 ε

Density functional tight-binding calculations were performed
using the DFTB software package [74] with the matsci-0-3 parameter [93]. Since carbon nanotubes are relatively inert structures
where no signiﬁcant charge transfer is expected [94], we decided to
adopt the non-self-consistent charge scheme of DFTB [93]. This
algorithm was used only for small tube diameters ranging from
d0 ¼ 0.5 to 1.4 nm, due to the computational time. In this approach,
the Kohn-Sham density-functional theory is approximated with
ﬁtted integrals from reference calculations. The method increases
simulations efﬁciency compared to density functional theory (DFT),
while keeping “a priori” a better accuracy compared to the empirical approaches. The CeC Slater-Koster parameters implemented in
this work have been extensively used for CNT simulations and can
be found elsewhere [93]. In Fig. 2.a, we have determined Pc for a
dozen armchair SWCNT. For each pressure, a random displacement
of 0.002 nm is applied on each atom, and both atomic positions and
cell vectors were optimized until the magnitude of all forces
became smaller than 10-4 Ha/Bohr. In this process, P was increased
by steps of 0.2 GPa, up to the tube collapse. This phenomenon is
generally found to be abrupt, and can be easily identiﬁed from a
discontinuity in the enthalpy as a function of P, corresponding to
the transformation in a collapse shape. In some rare cases, especially for small d0 , the discontinuity is not visible, and Pc was
determined by eye, i.e., we assigned Pc to the ﬁrst collapsed geometry found.
A second set of simulations using an MD algorithm were performed to study larger tube diameters. MD simulations were conducted for systems with SWCNT immersed in an argon bath, in
order to transmit pressure to the nanotubes. Inter-atomic interactions (AreAr and AreC) were modelled by a (12-6) LennardJones potential (LJ), with a cutoff ﬁxed at 2 nm,

hs12
r



s6 i
;
r

(6)

where s corresponds to the atomic diameter, rij is the inter-atomic
distance, and εij is the interaction energy between two atoms i and
j. The LJ parameters (given in Table 2) for the interactions of the
different species are determined with the Lorentz-Berthelot mixing
rule as,

sij ¼

s þ s 
pﬃﬃﬃﬃﬃﬃﬃ
i
j
and εij ¼ εi εj ;
2

(7)

The CeC interactions were modelled with the long range bond
order potential AIREBO [75]. This potential models both carbon
covalent bonds, and long range vdW interactions with a cutoff ﬁxed
at 2 nm.The ﬁrst step of simulations consists in adsorbing Ar
molecules in a bulk phase with the grand canonical Monte Carlo
algorithm GCMC ( mAr ,V,T), where mAr is the chemical potential of Ar,
V the volume of the simulation box at T ¼ 300 K. GCMC was thus
performed to generate a pure argon bulk conﬁguration at pressures
of about P ¼ 2 GPa. A tube (or a bundle) is then inserted inside the
bulk conﬁguration, and the inner part of the tube is cleared of argon
atoms. MD simulations are then performed with the molecular
dynamic LAMMPS package (March 2018 version) [95] on 96 CPU in
the isothermal-isobaric ensemble (N,P,T), for a total time of 5 ns,
with a time step ﬁxed at 1 fs. Pc is thus determined from the
enthalpy as a function of P. When tube collapse occurs, the tube
energy changes abruptly, and the collapse pressure can be easily
identify. Depending on the PTM, the collapse event can occurs
quickly (less than 1 ns) or more slowly, especially near the collapse
line shown above in the collapse phase diagrams. It is noteworthy
that in this particular area of the diagrams, some transitions from
circular to collapsed shapes may be missed due to the slow collapse
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Fig. 8. Shape evolution of a SWCNT with d0 5 nm immersed into an argon bath at a pressure of P0.5 MPa. The two ﬁrst snapshots correspond to out of equilibrium conﬁgurations. The last conﬁguration corresponds to an equilibrium state in a collapse shape. (A colour version of this ﬁgure can be viewed online.)

used for applications such as vacuum seals. O-rings were placed
between two transparent plates of PMMA (poly(methyl methacrylate)) with 25 mm thickness, while a larger gasket diameter was
used to create a cavity around the smaller one. We then used
dynamometric keys in order to ensure a uniform small pressure on
the O-rings. Both O-rings and internal plate surfaces were oiled in
order to reduce the friction. Holes drilled into the top plate were
used to connect a bicycle pump and a manometer to vary and
monitor the pressure, Fig. 9. A schema and a picture of the experiment is shown in Fig. 5.a. Doing so, we were able to observe the
effect of a radially applied pressure on O-rings for different diameters (d0 ¼11.25, 13.7, 16.25 and 28.75 mm), with displacements
constrained in the plane. In order to validate using O-rings in
imitation of SWCNT in the consistent LC domain, we have ﬁrst
shown that they conform to the macroscopic LC approach itself, i.e.,
that the collapse pressure is inversely proportional to the cube of
the torus diameter, Fig. 5.b.
The second experiment conducted in this work investigates the
deformation of O-rings using a pressure-transmitting medium that
mimics the situation where SWCNT are immersed in a highpressure ( > 1 GPa) argon PTM. To do this, we have used 2.38 mm
steel balls (ball bearings) enclosed by a guitar string sheathed in a
plastic tube with nearly the same diameter as the balls, applying
pressure on the O-ring surfaces. The steel balls tend to form crystalline grains around the O-rings. The use of plastic beads with
similar dimensions to the steel balls allowed modiﬁcation of the
grain size. The application of pressure cycles or the introduction of a
vibrating platform would be alternative methods (not tried) to have
better control of the PTM grain size.

Fig. 9. Determination of the collapse pressure for individual O-rings from video image
analysis during the compression following the scheme of Fig. 5.a. a. Time evolution of
O-ring radial sectors, measured in pixels from the image. The color scale represents the
radial distribution of the pixels detected. The higher this value, the more the O-ring
presents a circular shape. On the contrary, the lower this value, the more the O-ring
deviates from a circular shape, corresponding to collapse. b. Pressure measured from
the manometer in image analysis. The correlation with (a) allows the determination of
the collapse pressure. (A colour version of this ﬁgure can be viewed online.)
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kinetics, and the limited calculation time that is feasible with the
MD algorithm.) In Fig. 8, we show the evolution of the shape of a
SWCNT with d0 5 nm at P0.5 MPa. As can be seen, the tube goes
from a circular to a collapsed shape, corresponding to its equilibrium state in these thermodynamic conditions. For all simulations
performed in this work, we used zigzag SWCNT.
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5.2. Experiments
In order to mimic the elastic properties of the radial buckling of
SWCNT, we have used toroidal elastomer gaskets (O-rings), usually
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