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Methods

Density Functional Theory calculations

The first-principles code Quantum Espresso (29) employing density functional theory (DFT)
within the projector-augmented wave (PAW) method (30) is used to calculate the formation
energies of all possible (8, 4) edges. The generalized gradient approximation (GGA) (31) is
employed for the exchange and correlation energy terms. We use a periodic cell allowing for 20
A vacuum between the nanotubes to avoid interaction between neighboring supercells.
Integrations over the Brillouin zone are based on a (1x1x5) Monkhorst-Pack three-dimensional
grid for cells containing a tube of 150 to 200 atoms along the ¢ axis. Cold smearing is used for the
Brillouin zone integration leading to formation energies converged to within 10 eV. The cell is
kept fixed and the atomic positions are relaxed using the conjugate gradient minimization scheme
until the magnitude of the forces on all the atoms are smaller than 0.04 Ry/au.

Thermodynamic model
The free energy F(n,m,T) of the system includes three (n,m) dependent terms, namely the
interfacial energy, the curvature energy, and the configurational entropy contribution. They write:

Eg::n) =2m Efnt + (Tl - m) EIZnt

_ -2
Ecurv = 4 a Denr

n!

T S(n,m) = kgT In

m!(n—-m)!

The tube diameter is related to its (n,m) index by the relation

Denr = V3 dee /(n2 + nm + m2), where dgc = 1.42 A is the C-C bond distance. Ec,, can

then be written:
(nm) _ (n+m) _
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Finally, F(n, m, T) writes:
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F(n,m,T)= 2mEf +(n—m)EL, + K ml(n—m)!

Transforming the factorials in the entropy term by using Stirling formula would be approximate
and useful only to search for an analytical solution at non-zero temperature. For each set of (T, Ef%;,
EZ,.), the chirality (n,m) of the most stable SWNT is obtained by minimizing the free energy with
respect to n and m. This minimization is performed numerically in a straightforward way, leading
to the results at non-zero temperature presented in the body of the paper. For the sake of
completeness, and for a better physical insight, an analytical solution can be developed, exact for
ground states, but very approximate at non-zero temperature. The latter is not included here.

Analytical solution for ground states
To minimize the energy at zero Kelvin, it is convenient, in a first step, to consider n and ¢ = % as

continuous variables, with 0 < ¢ < 1. The free energy becomes




F(n,c,T=0)=nE()+ %K(c)

with:
E(c)=2cEff,+ (1 =c)E%, ,and EfL,,EE, >0
K()=K —=_ andK >0

(1+c+c?)

We omit T = 0 and now have to minimize F(n,c) with respect to n and c. From Z—i =0, we

obtain n? = If(—c), hence:
E(c)

F(n(c),c) =2 /E(c)ﬁ(c)

Minimization of this equation with respect to c then gives:

2O )+ 80 LD g

Somewhat Iengthy calculations show that, for 0 < ¢ < 1, the above equation has a solution only

%< ?"t <1, in which case the unique solution is not a minimum. In fact,
Int
F(n,c,T = 0) is a surface with a downward facing concavity. Minima of F(c) are either obtained

for c =0 (zigzag) or ¢ = 1 (armchair). This corresponds to a phase separation between two
different domains, separated by a line EZ,, = % Ef.

for

We now consider n and m as discrete quantities. As a result, two integers n,, and n,,+ 1 can be

K(o)
E(o)
F. A two-phase coexistence is then observed when F(nm,c T=0)=Fn,+1,cT=0). For

¢ = 0 and ¢ = 1 this leads to vertical lines separated by and horizontal lines separated by

defined as n,, < < n,, + 1, where fEE 3 is the real minimum of the continuous function

+1)

D)’ respectively, as presented in Fig. 3-A of the main text.
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Figure S1 — Probability distribution of chiralities. A : Example of (n,m) dependent contribution
to the free energy F(n, m), calculated for EZ,, = 250 meV / bond, E4,, = 150 meV / bond and
T =973 K. B : Corresponding P(n, m) probability distribution of chiralities. The minimum of
F(n,m) is set to zero, hence the maximum of P(n, m), obtained for the (6,5) chirality in this
example, is equal to 1. The neighboring chiralities, such as (7,4) have a probability around 0.6,
while second nearest ones, such as (7,3), have probabilities around 0.30.
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Figure S2 — Comparison with experimental chiral distributions. Interfacial energies are fitted
against experimentally determined chiral distributions (A, B, C, D), resulting in calculated
distributions (E, F, G, H). Distributions are displayed as contour plots.

A: Electron Diffraction measurement by M. He et al. (32) at T = 773 K, and E: fitted distribution,
obtained for E%,, = 0.285 eV/bond, E4,, = 0.163 eV/bond.

B: Photoluminescence assignment by Bachilo et al. (33) at 1023 K, and F: fitted distribution,
obtained for E%,, = 0.262 eV/bond, E4,, = 0.156 eV/bond.

C: Photoluminescence assignment by Li et al. (24) at 873 K, and G: fitted distribution, obtained
for EZ,, = 0.290 eV/bond, E4,, = 0.175 eV/bond. I: fitted distribution, plotted without metallic
tubes, to better compare with C.

D: Photoluminescence assignment by Li et al. (24) at 1123 K, and H: fitted distribution, obtained
for E%,, = 0.222 eV/bond, E{,, = 0.142 eV/bond. J: fitted distribution, plotted without metallic
tubes, to better compare with D.

By construction, our simple two-parameter model produces unimodal distributions, that cannot
properly account for scattered experimental chiral distributions, as displayed in C, D. In such a
case the fit results in a flattened and broader distribution. The agreement is somewhat better, when
metallic tubes, that don’t appear in photoluminescence experiments, are withdrawn from the fitted
distributions. We also note that the photoluminescence efficiency, and hence the quantitative
evaluation of the chiral distributions, depends on the optical cross section and on the quantum



yield. Both are sensitive to the nanotube chirality (34, 35) and to its environment (solvent,
surfactant, etc).
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Figure S3 — A) Chirality map at 1000 K. Iso-n (resp. iso-m) values are delimited by full black
(resp. dashed blue) lines. Metallic tubes, for which (n-m) is a multiple of 3, are shown in brick
red, and semi-conducting ones are flesh-colored. The parameter space for armchair (metallic) and
(n, n-1) and (n, n-2) (semi-conducting) tubes is larger than for other chiralities. B) Chirality map
at 1400 K.

Movie S1.

Movie showing the temperature dependence of the structural maps. As in Figs. S3-A and -B,
metallic tubes appear as brick-red, semiconducting ones are in flesh-color. Up to 80 K, only
armchair and zigzag tubes are stable, while chiral tubes start to show up at 100 K, in the lower left
corner of the map, corresponding to small interfacial energies, hence larger diameter tubes that
display a larger configurational entropy. The chiral tubes stability domain then gradually expands

along the EZ,, = g Ef . line. We note that the stability range of armchair and close to armchair

domains, (n, n-1) and (n, n-2), expands faster than the others with increasing temperature. Specific
chiral indexes are not displayed in the video, but can be easily identified by comparison with Figs.
S3-A and S3-B.

Data S1. (separate file)

Computer codes (Fortran90 and Python) performing the minimization of the free energy F(n, m)
for different values of the parameters (T, Ef»,, EZ,), and enabling the computation of structural
maps are available. Calculating the domain boundaries, by searching points where the free energy
difference between two competing phases becomes zero, takes a few minutes with the Fortran code
(Chirality_Maps.f90) on a standard workstation, but the identification and coloring of metallic and
semi-conducting domains, done in Chiral_Maps.py, is much longer (about 100 minutes per image).



Data S2.

The experimental and fitted data presented in Fig. S2, are displayed below. Each set of
experimental data appears as 4 columns: n value, m value, experimental abundance (in italics), fit
with our model. The maxima are highlighted in bold. A, E, B, F, C, G and D, H refer to the
identifications in Fig. S2.

nfmj| A E |nfm| B F |[njm| C G

5(4(000]023|5|4[000|0.12|4]| 4 |0.00]0.09
5(5(000]049|5|5([000|0.13|5| 3|0.00]0.08
6(13|000[006|6|3|000([0.09|5]|4]0.00]0.33
6141009([028|6|4]000([023|5|5]0.00]0.43
615|056 [05|6|5]028(028|6|3]0.00]0.15
6(16(000[038|6|6|000([012|6]| 4 |0.00|0.41
713]000(005|7|3]000([011|6|5]0.54](0.54
7141009(014|7|4]000(022|6]| 6 |0.00]0.25
7151009(026|7|5]028(028|7]|3]0.00]|0.11
716004[023|7]|6]009(0.18|7]| 4 ]0.00]0.23
7171000(008|8|3|011({0.07|7]|5]0.12]0.30
8(4(002]004|8|4(014]0.13|7|6]0.12]0.19
8(5(000]007|8|5([000|0.17|7]| 7 |0.00]0.05
86 [000]007|8|6|000|012|8]| 4 |0.22]0.08
87 (000]003|8|7[000]|0.05|8]|5]0.00]0.09
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